Determination of approximate nonlinear self-adjointenss and approximate
  conservation law by Zhang, Zhi-Yong
ar
X
iv
:1
30
1.
45
34
v2
  [
ma
th-
ph
]  
22
 A
pr
 20
13
Determination of approximate nonlinear
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Abstract: Approximate nonlinear self-adjointness is an effective method to construct
approximate conservation law of perturbed partial differential equations (PDEs). In this
paper, we study the relations between approximate nonlinear self-adjointness of perturbed
PDEs and nonlinear self-adjointness of the corresponding unperturbed PDEs, and conse-
quently provide a simple approach to discriminate approximate nonlinear self-adjointness
of perturbed PDEs. Moreover, a succinct approximate conservation law formula by virtue
of the known conservation law of the unperturbed PDEs is given in an explicit form. As an
application, we classify a class of perturbed wave equations to be approximate nonlinear
self-adjointness and construct the general approximate conservation laws formulae. The
specific examples demonstrate that approximate nonlinear self-adjointness can generate
new approximate conservation laws.
Keywords: Nonlinear self-adjointness, Approximate nonlinear self-adjointness, Approx-
imate conservation laws, Perturbed PDEs
1 Introduction
The discovery of conservation laws played a pivotal role in the comprehensive study of the
properties and solutions of PDEs arising in the applied sciences such as physical chemistry,
fluid mechanics, etc. For example, the knowledge of conservation laws is useful in the
numerical integration of PDEs such as controlling numerical errors. An infinite sequence
of conserved densities is a predictor of the existence of solitons and complete integrability
which means that the PDEs can be solved with the inverse scattering transform method
[1, 2]. Hence, in order to achieve these goals, one needs efficient methods to compute
conservation laws.
Different types of PDEs have their distinct structures and thus should be studied by
different techniques. By considering whether the PDEs involve a perturbed parameter
or not, PDEs are divided into two types which are unperturbed PDEs and perturbed
∗E-mail: zhiyong-2008@163.com; Tel:+86 010 88803103
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one, thus researchers adopted different methods to construct conservation laws of the two
types of PDEs [3–5].
For unperturbed PDEs, Noether theorem proposed an elegant and constructive way
to find conservation laws with the admitted symmetry if the PDEs can be written in
Euler-Lagrange form [6]. The prerequisite of applying Noether theorem is that the PDEs
possess a variational structure, that means the method losses its effectiveness when deal-
ing with the PDEs without having a Lagrangian, thus the methods which are less re-
striction on the existence of Lagrangian come into being. For example, in [7], Kara
and Mahomed presented a partial Noether approach for Euler-Lagrange type equations.
Anco and Bluman proposed multiplier method to construct local conservation laws for
PDEs expressed in a standard Cauchy-Kovalevskaya form, which did not count on the
existence of Lagrangian [8,9]. Recently, Ibragimov suggested the general concept of non-
linear self-adjointness whose idea can be traced back to [10, 11], which embraces strict
self-adjointness, qusi self-adjointness and weak self-adjointness presented earlier [12–17].
Nonlinear self-adjointness and its subclasses overcame the restriction of Lagrangian and
have exerted effectiveness when constructing conservation laws of some PDEs [18–22].
The low efficiency of classical symmetry method for some perturbed PDEs, where
the involved perturbed parameter disturbed the symmetry properties of the unperturbed
PDEs and even made the PDEs possess few symmetries, promoted the emergence of ap-
proximate symmetry. Consequently, two well-known approaches originated from Baikov
et al. [23] and Fushchich and Shtelen [24] arose, which employed perturbation techniques
on the symmetry operator and dependent variables to obtain approximate symmetry re-
spectively. Comparisons about the two methods were performed by considering several
perturbed PDEs in [25,26]. The extended applications and forms of approximate symme-
try such as approximate conditional symmetry and approximate potential symmetry can
be found in [27–29] and references therein.
In order to construct approximate conservation laws with approximate symmetry, it
is natural to extend the procedures for unperturbed PDEs to tackle perturbed PDEs.
In [30, 31], the authors studied how to construct approximate conservation laws for per-
turbed PDEs with approximate Lie-Ba¨cklund symmetries. In [32], a basis of approximate
conservation laws for perturbed PDEs was discussed. Johnpillai et.al [33] showed how to
find approximate conservation laws via approximate Noether type symmetry operators
associated with partial Lagrangian.
Quite recently, we introduced the notion of approximate nonlinear self-adjointness to
construct approximate conservation laws of perturbed PDEs, which extended the results
in unperturbed case and the ones of perturbed ordinary differential equations [34]. As an
equivalent form of the definition, we gave a computable formula to discriminate approx-
imate nonlinear self-adjointness and applied it to find approximate conservation laws of
a class of perturbed nonlinear wave equation [34]. However, some perturbed PDEs are
not approximately nonlinearly self-adjoint but we know the final results only by using the
proposed formula to check it and finally obtain trivial substitution, which expends large
time and computations.
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The purpose of this paper aims at two aspects:
1. Study the relations between approximate nonlinear self-adjointness of perturbed
PDEs and nonlinear self-adjointness of the corresponding unperturbed PDEs, and conse-
quently provide a simple approach to discriminate approximate nonlinear self-adjointness
of perturbed PDEs.
2. We also give an explicit approximate conservation law formula by virtue of the
known conservation law of the corresponding unperturbed PDEs.
The rest of the paper is arranged as follows. In Section 2, some related basic notions
and principles are reviewed. Section 3 concentrates on the main results of the paper.
In Section 4, we consider a class of perturbed wave equations and construct the corre-
sponding approximate conservation law formulae. The last section contains conclusion
and discussion of our work.
2 Preliminaries
In this section, we recall some notions and principles related with nonlinear self-adjointness
and approximate nonlinear self-adjointness.
2.1 Notations
We first define some notations which will be used throughout the paper.
Let x = (x1, . . . , xn) be an independent variable set, u = (u1, . . . , um), v = (v1, . . . , vm)
and w = (w1, . . . , wm) as three dependent variable sets, φ(x, u) = (φ1, . . . , φm), and
ψ(x, u) = (ψ1, . . . , ψm) ϕ(x, u) = (ϕ1, . . . , ϕm) as three m-dimensional vector functions,
whose different order derivatives are denoted as follows
Λ(1) = {Λ
σ
i1
}, Λ(2) = {Λ
σ
i1i2
}, . . . , Λ(r) = {Λ
σ
i1...ir
},
where Λσi1...is = Di1Di2 . . .Dis(Λ
σ) and σ = 1, 2, . . . , m. The symbol “Λ” denotes the
dependent variables u, v, w and vector functions φ(x, u), ψ(x, u), ϕ(x, u). Hereinafter, Di
denotes the total derivative operator with respect to xi. For example, for one dependent
variable u = u(x, t) with x = x1, t = x2, one has
Dx =
∂
∂x
+ ux
∂
∂u
+ uxx
∂
∂ux
+ uxt
∂
∂ut
+ . . . .
Note that the summation convention for repeated indices is used throughout the paper if
no special notations are added.
Next, we take the following system of m PDEs with rth-order
Eα = E
0
α(x, u, u(1), · · · , u(r)) + ǫE
1
α(x, u, u(1), · · · , u(r)) = 0, (1)
to recall some related notions and principles, where ǫ is a small parameter and α =
3
1, 2, . . . , m. System (1) is called perturbed PDEs while the system which does not contain
the perturbed term ǫE1α(x, u, u(1), · · · , u(r)) in the form
E0α(x, u, u(1), · · · , u(r)) = 0, (2)
is named by unperturbed PDEs.
2.2 Approximate symmetry
In this subsection, we briefly introduce two methods to find approximate symmetry of
perturbed PDEs, which will be used to construct approximate conservation laws.
The first method is proposed by Fushchich and Shtelen, which employs a perturbation
of dependent variables, that is, expanding the dependent variable with respect to the
small parameter ǫ yields
uσ =
∞∑
k=0
ǫkuσk , 0 < ǫ≪ 1, (3)
where uσk are new introduced dependent variables, after inserting expansion (3) into
system (1), then approximate symmetry is defined as the exact symmetry of the system
corresponding to each order in the small parameter ǫ. We refer to reference [24] for further
details about the method.
The second approach, initiated by Baikov et al., is no perturbation of the dependant
variables but a perturbation of the symmetry generator [23].
A first-order approximate symmetry of system (1), with the infinitesimal operator
form X = X0 + ǫX1, is obtained by solving for X1 in
X1(E
0
α)|E0α=0
+H = 0, (4)
where the auxiliary function H is obtained by
H =
1
ǫ
X0(Eα)|Eα=0.
X0 is an exact symmetry of unperturbed PDEs E
0
α = 0. The notation |∆=0, hereinafter,
means evaluation on the solution manifold of ∆ = 0.
Note that in this paper, the approximate symmetries used to construct approximate
conservation laws are computed by the method originated from Baikov et.al [23].
2.3 Nonlinear self-adjointness
The main idea of nonlinear self-adjointness is to turn the system of PDEs into Lagrangian
equations by artificially adding additional variables, then apply the conservation law the-
orem proved in [13] to construct conservation laws.
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Let L be the formal Lagrangian of system (2) given by
L = vβE0β(x, u, u(1), · · · , u(r)), (5)
then the adjoint equations of system (2) are defined by
(E0α)
∗(x, u, v, u(1), v(1), · · · , u(r), v(r)) =
δL
δuσ
= 0, (6)
where δ/δuσ is the Euler-Lagrange operator written as
δ
δuσ
=
∂
∂uσ
+
∞∑
s=1
(−1)sDi1 . . .Dis
∂
∂uσi1...is
. (7)
Definition 2.1 (Nonlinear self-adjointness [16]) The system (2) is said to be nonlinearly
self-adjoint if the adjoint system (6) is satisfied for all solutions u of system (2) upon a
substitution v = ϕ(x, u) such that ϕ(x, u) 6= 0.
Here, ϕ(x, u) 6= 0 means that not all elements of ϕ(x, u) equal zero. Definition 2.1 is
equivalent to the following identity holding for the undetermined parameters (or functions)
λβα
(E0α)
∗(x, u, v, u(1), v(1), · · · , u(r), v(r))|v=ϕ = λ
β
αE
0
β(x, u, u(1), · · · , u(r)), (8)
or [δ(vβE0β)/δu
σ]|v=ϕ = λ
β
αE
0
β, which is applicable in the computations.
2.4 Approximate nonlinear self-adjointness
In [34], we proposed the definition of approximate nonlinear self-adjointness and extended
the above procedure to deal with perturbed PDEs. The formal Lagrangian L˜ of perturbed
system (1) is given by
L˜ = wβ[E0β(x, u, u(1), · · · , u(r)) + ǫE
1
β(x, u, u(1), · · · , u(r))],
then the adjoint equations of system (1) are written as
E∗α(x, u, w, u(1), w(1), . . . , u(r), w(r)) =
δL˜
δuσ
= 0. (9)
Definition 2.2 (Approximate nonlinear self-adjointness [34]) The perturbed system (1)
is called approximate nonlinear self-adjointness if the adjoint system (9) is approximate
satisfied for all solutions u of system (1) upon a substitution w = ψ(x, u) + ǫφ(x, u), such
that not both ψ and φ are identically equal to zero.
Definition 2.2 extends the results of unperturbed case and perturbed ordinary dif-
ferential equations in [35] and is equivalent to the following identity with undetermined
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parameters (or functions) λβα and µ
β
α,
E∗α(x, u, w, u(1), w(1), . . . , u(r), w(r))|w=ψ+ǫφ
−
[
(λβα + ǫµ
β
α)E
0
β(x, u, u(1), . . . , u(r)) + ǫλ
β
αE
1
β(x, u, u(1), . . . , u(r))
]
= O(ǫ2), (10)
which provides a computable equality to discriminate approximate nonlinear self-adjointness
of perturbed PDEs [34].
The following properties about approximate nonlinear self-adjointness of perturbed
PDEs will be used in the proof of the main results in Section 3.
Theorem 2.3 [34] If adjoint system (6) has solutions in the form vσ = ǫfσ(x, u) with
some functions fσ(x, u), then system (1) is approximately nonlinearly self-adjoint.
2.5 Approximate conservation law
kth-order approximate conservation law is defined as follows.
Definition 2.4 (Approximate conservation law [5]) The vector T = (T 1, T 2, . . . T n) de-
fined by T i = T i0 + ǫT
i
1 + · · · + ǫ
kT ik is approximate conserved vector of system (1) if
T i satisfies approximate equation DiT
i = O(ǫk+1) for all solutions of system (1), which
defines a kth-order approximate conservation law.
The major consideration of the paper concentrates on the first-order approximate
conservation law which is defined as DiT
i = O(ǫ2) with T i = T i0 + ǫT
i
1.
The following theorem will be used to construct conservation laws for both unper-
turbed and perturbed cases [13].
Theorem 2.5 Any infinitesimal symmetry (Local and nonlocal)
X = ξi(x, u, u(1), . . . )
∂
∂xi
+ ησ(x, u, u(1), . . . )
∂
∂uσ
of system (2) leads to a conservation law Di(C
i) = 0 constructed by the formula
C i = ξiK +W σ
[ ∂K
∂uσi
−Dj(
∂K
∂uσij
) +DjDk(
∂K
∂uσijk
)− . . .
]
+Dj(W
σ)
[ ∂K
∂uσij
−Dk(
∂K
∂uσijk
) + . . .
]
+DjDk(W
σ)
[ ∂K
∂uσijk
− . . .
]
+ . . . , (11)
where W σ = ησ − ξjuσj and K is the formal Lagrangian.
Generally speaking, the term ξiK with K in the form (5) can be omitted because it
vanishes identically on the solution manifold of the studying PDEs.
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3 Main results
In this section, we first study the relations between approximate nonlinear self-adjointness
of perturbed system (1) and nonlinear self-adjointness of unperturbed PDEs (2), then
give a discriminant criterion of approximate nonlinear self-adjointness and a succinct
approximate conservation law formula for perturbed system (1).
Theorem 3.1 If unperturbed system (2) is nonlinearly self-adjoint, then perturbed system
(1) is approximately nonlinearly self-adjoint.
Proof. If system (2) is nonlinearly self-adjoint, then by Definition 2.1, for all solutions
u of system (2), there exists a substitution v = ϕ(x, u) 6= 0 which solves adjoint equations
(6). Since adjoint system (6) is linear in v and its derivatives, thus ǫv = ǫϕ(x, u) also
satisfies system (6). Then by Theorem 2.3, system (1) is approximately nonlinearly self-
adjoint. The proof ends. 
Conversely, we have the following results.
Theorem 3.2 If perturbed system (1) is approximately nonlinearly self-adjoint, and equa-
tions λβαE
0
β = 0 for λ
β
α only have zero solutions λ
β
α = 0 (α, β = 1, . . . , m), then unperturbed
system (2) is nonlinearly self-adjoint.
Proof. If perturbed system (1) is approximately nonlinearly self-adjoint, then by
Definition 2.2, there exists a nontrivial substitution w = ψ(x, u) + ǫφ(x, u) such that
equality (10) holds.
Observe that L˜ = wβE0β + ǫw
βE1β, then system (9) becomes
δL˜
δuσ
=
δ(wβE0β)
δuσ
+ ǫ
δ(wβE1β)
δuσ
. (12)
Inserting (12) and w = w0 + ǫw1 into (10), one has
δ(wβ0E
0
β)
δuσ |w0=ψ
+ ǫ
[
δ(wβ0E
1
β)
δuσ |w0=ψ
+
δ(wβ1E
0
β)
δuσ |w1=φ
]
−
[
(λβα + ǫµ
β
α)E
0
β + ǫλ
β
αE
1
β
]
= O(ǫ2),
and then separating it with respect to the perturbed parameter ǫ up to first order, we
obtain
ǫ0 :
δ(wβ0E
0
β)
δuσ |w0=ψ
= λβαE
0
β,
ǫ1 :
δ(wβ0E
1
β)
δuσ |w0=ψ
+
δ(wβ1E
0
β)
δuσ |w1=φ
= µβαE
0
β + λ
β
αE
1
β. (13)
Obviously, the first equation in (13) is just the required condition (8) for nonlinear self-
adjointness of the unperturbed PDEs (2).
Now we assume that system (2) is not nonlinearly self-adjoint, that means the first
equation in (13) has no nontrivial solutions, i.e., ψ(x, u) = 0. Since equations λβαE
0
β = 0
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for λβα only have zero solutions λ
β
α = 0 (α, β = 1, . . . , m) and δ(w
β
0E
1
β)/δu
σ is linear in w0
and its derivatives, thus [δ(wβ0E
1
β)/δu
σ]|w0=ψ=0 = 0 and the second equation becomes
δ(wβ1E
0
β)
δuσ |w1=φ
= µβαE
0
β. (14)
Except for the introduced variable w1 and unknown function µ
β
α, system (14) has
the same form as the first equation in (13) and thus only has zero solution φ(x, u) = 0,
then the required substitution w = ψ(x, u) + ǫφ(x, u) = 0, that means system (1) is
not approximately nonlinearly self-adjoint, which is a contradiction. Hence, unperturbed
PDEs (2) is nonlinearly self-adjoint. It proves the theorem. 
Theorem 3.1 and Theorem 3.2 build a connection between approximate nonlinear
self-adjointness of perturbed PDEs and nonlinear self-adjointness of its corresponding
unperturbed PDEs and thus provides a shortcut to discriminate approximate nonlinear
self-adjointness of perturbed PDEs, which attributes the determination of approximate
nonlinear self-adjointness of perturbed PDEs to discriminate nonlinear self-adjointness of
its corresponding unperturbed system.
Remark 3.3 The condition that system λβαE
0
β = 0 for λ
β
α only has zero solutions λ
β
α =
0 (α, β = 1, . . . , m) holds if each E0β = 0 has a distinct term which does not appear in
other equations. Meanwhile, nonzero solutions for λβαE
0
β = 0 may arise when two or more
equations E0β = 0 are identical.
For example, equation λ1αE
0
1 + λ
2
αE
0
2 + λ
3
αE
0
3 = 0, where α = 1, 2, 3 and E
0
1 = ut +
vux+uwx = 0, E
0
2 = vt+ vux+uwx = 0 and E
0
3 = wt+ vux+uwx = 0, then ut in E
0
1 = 0,
vt in E
0
2 = 0 and wt in E
0
3 = 0 are distinct and do not appear in other equations, thus
λ1α = λ
2
α = λ
3
α = 0. On the other hand, if E
0
1 = E
0
2 = E
0
3 , then (λ
1
α + λ
2
α + λ
3
α)E
0
1 = 0,
thus λ1α = −λ
2
α − λ
3
α which may provide nonzero solutions for λ
β
α(β = 1, 2, 3).
In particular, for a scalar perturbed PDE, we have the following sufficient and neces-
sary condition for the relations.
Theorem 3.4 A scalar perturbed PDE is approximately nonlinearly self-adjoint if and
only if its corresponding unperturbed PDE is nonlinearly self-adjoint.
Proof. The sufficiency is a direct result of Theorem 3.1 for m = 1, thus we only show
necessity.
Let the scalar perturbed PDE be in the form E = E0 + ǫE1. In this case, the first
equation in (13) becomes
δ(w0E
0)
δu |w0=ψ
= λE0.
Now assume that unperturbed PDE is not nonlinearly self-adjoint, i.e., w0 = ψ = 0,
then equation λE0 = 0 only has solution λ = 0, then following the idea of the proof of
Theorem 3.2, one obtains that the substitution for approximate nonlinear self-adjointness
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is w = ψ(x, u) + ǫφ(x, u) = 0, which contradicts with the approximate nonlinear self-
adjointness of E = 0, so unperturbed PDE is nonlinearly self-adjoint. 
For the perturbed PDEs sharing the same unperturbed PDE, we have the following
results.
Corollary 3.5 If a scalar PDE is not nonlinearly self-adjoint, then the perturbed system
consisting of the PDE with any perturbed terms is not approximately nonlinearly self-
adjoint.
For example, we consider the short pulse equation
uxt = u+
1
6
(u3)xx, (15)
which was suggested in [36] as a mathematical model for the propagation of ultra-short
light pulses in media with nonlinearities. Eq.(15) is not nonlinearly self-adjoint with
the substitution in the form ϕ = ϕ(x, t, u) [16]. Thus, by Theorem 3.4, any perturbed
equation associated with Eq.(15)
uxt = u+
1
6
(u3)xx + ǫf(x, t, u, ux, ut, . . . ),
with arbitrary function f(x, t, u, ux, ut, . . . ), is not approximately nonlinearly self-adjoint
in the sense of Definition 2.2.
In what follows, based on Theorem 2.5, we give a specific approximate conservation
law formula by means of the known conservation law of unperturbed system (2), which
simplifies the computations of first-order approximate conservation laws for perturbed
system (1).
Theorem 3.6 Let X = X0 + ǫX1 be a first-order approximate symmetry generator of
perturbed system (1), where X0 = ξ
i
0∂xi + η
σ
0∂uσ , X1 = ξ
i
1∂xi + η
σ
1 ∂uσ and the substitution
for approximate nonlinear self-adjointness is w = w0 + ǫw1 = ψ(x, u) + ǫφ(x, u). If
C = (C1, . . . , Cn) is a conserved vector of unperturbed system (2) obtained by formula
(11) where the term ξiK is not omitted, then a first-order approximate conservation law
Di(T
i) = O(ǫ2) of perturbed system (1) is given by the formula
T i = C i|v=w + ǫ
[
ξi0L1 +W
σ
0
δL1
δuσi
+Dj(W
σ
0 )
δL1
δuσij
+DjDk(W
σ
0 )
δL1
δuσijk
+ . . .
+ξi1L2 +W
σ
1
δL2
δuσi
+Dj(W
σ
1 )
δL2
δuσij
+DjDk(W
σ
1 )
δL2
δuσijk
+ . . .
]
|w0=ψ
, (16)
where W σ0 = η
σ
0 −ξ
j
0u
σ
j , W
σ
1 = η
σ
1 −ξ
j
1u
σ
j and L1 = w
β
0E
1
β,L2 = w
β
0E
0
β. The Euler-Lagrange
operators with respect to derivatives of uσ are obtained from (7) by replacing uσ by the
corresponding derivatives, e.g.
δ
δuσi
=
∂
∂uσi
+
∞∑
s=1
(−1)sDi1 . . .Dis
∂
∂uσii1...is
.
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Proof. Following the symbols in Theorem 3.6, that means
ξi = ξi0 + ǫξ
i
1, W
σ =W σ0 + ǫW
σ
1 ,
K = (wβ0 + ǫw
β
1 )(E
0
β + ǫE
1
β) = w
β
0E
0
β + ǫ(w
β
0E
1
β + w
β
1E
0
β) + ǫ
2wβ1E
1
β,
then inserting them into formula (11), we have
T i = (ξi0 + ǫξ
i
1)[w
β
0E
0
β + ǫ(w
β
0E
1
β + w
β
1E
0
β)] + (W
σ
0 + ǫW
σ
1 )
δ[wβ0E
0
β + ǫ(w
β
0E
1
β + w
β
1E
0
β)]
δuσi
+Dj(W
σ
0 + ǫW
σ
1 )
δ[wβ0E
0
β + ǫ(w
β
0E
1
β + w
β
1E
0
β)]
δuσij
+DjDk(W
σ
0 + ǫW
σ
1 )
δ[wβ0E
0
β + ǫ(w
β
0E
1
β + w
β
1E
0
β)]
δuσijk
+ . . .
= ξi0(w
β
0 + ǫw
β
1 )E
0
β +W
σ
0
δ[(wβ0 + ǫw
β
1 )E
0
β]
δuσi
+Dj(W
σ
0 )
δ[(wβ0 + ǫw
β
1 )E
0
β]
δuσij
+ . . .
+ǫ
[
ξi0w
β
0E
1
β +W
σ
0
δ(wβ0E
1
β)
δuσi
+Dj(W
σ
0 )
δ(wβ0E
1
β)
δuσij
+ . . .
+ξi1w
β
0E
0
β +W
σ
1
δ(wβ0E
0
β)
δuσi
+Dj(W
σ
0 )
δ(wβ0E
0
β)
δuσij
+ . . .
]
= C i|v=w + ǫ
[
ξi0L1 +W
σ
0
δL1
δuσi
+Dj(W
σ
0 )
δL1
δuσij
+DjDk(W
σ
0 )
δL1
δuσijk
+ . . .
+ξi1L2 +W
σ
1
δL2
δuσi
+Dj(W
σ
1 )
δL2
δuσij
+DjDk(W
σ
1 )
δL2
δuσijk
+ . . .
]
|w0=ψ
,
where L1 = w
β
0E
1
β,L2 = w
β
0E
0
β and the second-order terms of ǫ are omitted, thus completes
the proof. 
Theorem 3.6 proposes a direct way to construct approximate conservation laws based
on the known conservation laws of the corresponding unperturbed PDEs. It means that
if unperturbed system (2) has a conservation law written as (11), then formula (16) in
Theorem 3.6 gives a direct computable formula of first-order approximate conservation
laws for perturbed system (1). Furthermore, the approach of approximate symmetry
definitely extends symmetry scope of perturbed PDEs [23,24], thus approximate nonlinear
self-adjointness can generate new approximate conservation laws which cannot be obtain
by nonlinear self-adjointness of PDEs.
Remark 3.7 In Theorem 3.6, the conservation law Di(C
i) = 0 is calculated via the
substitution v = ϕ(x, u) on the solution manifold of system (2). The approximate conser-
vation law Di(T
i) = O(ǫ2) is obtained by formula (16) evaluated on the solution manifold
of perturbed system (1).
Generally speaking, the term ǫ ξi1L2 can be omitted because it becomes second-order of
ǫ on the solution manifold of system (1).
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4 Applications
We illustrate our results by considering a class of perturbed wave equations
utt − [F (u)ux]x + ǫG(u)ut = 0, (17)
where F (u), G(u) are two arbitrary smooth functions. Eq.(17) arises in the applied prob-
lems such as wave phenomena in shallow water, long radio engineering lines and isentropic
motion of a fluid in a pipe, etc. [23, 37]. In [23, 38] and reference therein, approximate
symmetry classification and reductions were performed by two approximate symmetry
methods. Approximate conditional symmetries and approximate conditional invariant
solutions for F (u) = u was considered in [27]. We discussed approximate conservation
laws by means of approximate nonlinear self-adjointness for G(u) = 1 in [34] .
By Theorem 3.2, we directly have the following proposition.
Proposition 4.1 Eq.(17) is approximately nonlinearly self-adjoint for any functions F (u)
and G(u).
Proof: In [16], the authors showed that the unperturbed equation of Eq.(17) with
arbitrary function F (u)
utt − (F (u)ux)x = 0, (18)
is nonlinearly self-adjoint upon the substitution v = c1tx + c2x+ c3t + c4 with arbitrary
parameter ci (i = 1, . . . , 4) such that v 6= 0, thus by Theorem 3.1, Eq.(17) is approximately
nonlinearly self-adjoint. This completes the proof. 
In what follows, we first classify all possible cases of Eq.(17) to be approximate nonlin-
ear self-adjointness, and then use formula (16) to construct approximate conservation laws
for some special cases. Note that in this section ci (i = 1, . . . , 8) are arbitrary constants
such that the substitution w 6= 0.
4.1 Classification for approximate nonlinear self-adjointness
Let the formal Lagrangian of Eq.(17)
K = w
[
utt − F
′(u)u2x − F (u)uxx + ǫG(u)ut
]
,
then the adjoint equation is δK/δu = wtt − F (u)wxx − ǫG(u)wt = 0. Assume the sub-
stitution of approximate nonlinear self-adjointness is w = ψ(x, t, u) + ǫφ(x, t, u), then by
equivalent equality (10), we have
[wtt − F (u)wxx − ǫG(u)wt]|{w=ψ+ǫφ} = (λ+ ǫµ)[utt − (F (u)ux)x] + ǫλG(u)ut,
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with undetermined functions λ(x, t, u) and µ(x, t, u), thus after proper arrangements, ψ
and φ satisfy
λF ′(u) = µF ′(u) = 0,
ψuu = ψtu = ψxu = 0,
φu − µ = 0, φuu = φxu = 0,
ψu − λ = 0, ψtt − F (u)ψxx = 0,
φtu − λG(u) = 0, φtt − F (u)φxx −G(u)ψt = 0. (19)
The required substitution for approximate nonlinear self-adjointness is to solve system
(19), thus we consider all possible cases about F (u) and G(u) which make system (19)
possess nontrivial solutions.
For any arbitrary functions F (u) and G(u), the substitution for approximate nonlinear
self-adjointness is given in the following proposition.
Proposition 4.2 For any arbitrary functions F (u) and G(u), Eq.(17) is approximately
nonlinearly self-adjoint via a substitution w = c1x+ c2 + ǫ(c3tx+ c4x+ c5t+ c6).
For some special functions F (u) and G(u), more affluent substitutions are found. Thus
from the first two equations in system (19), two different cases about F (u) are considered.
4.1.1 F ′(u) = 0
Condition F ′(u) = 0 means that F (u) is a constant, without loss of generality, set F (u) =
1, thus Eq.(17) becomes
utt − uxx + ǫG(u)ut = 0. (20)
In this case, solving system (19) gives ψ = c1u+ f(x, t), φ = µ(t)u+ g(x, t) and
µt − c1G(u) = 0,
µttu+ gtt −G(u)ftt − gxx = 0, (21)
thus two different cases arise.
Case 1.1 G(u) is a constant.
Let G(u) = 1, Eq.(20) becomes a linear perturbed equation in the form
utt − uxx + ǫut = 0, (22)
whose approximate conservation laws are studied in [30, 31].
It is easy to obtain the following results for linear perturbed equation (22) based on
the above computations.
Proposition 4.3 Eq.(22) is approximately nonlinearly self-adjoint via a substitution w =
c1u+ f(x, t) + ǫ[c1tu+ c2u+ g(x, t)], where f(x, t) and g(x, t) solve utt − uxx = 0.
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Case 1.2 G(u) is not a constant.
In this case, since G(u) is a nonconstant function, thus µt = c1 = 0, substituting it
into the second equation in (21), we have the following results.
Proposition 4.4 Eq.(20) is approximately nonlinearly self-adjoint via a substitution
w = f(x)t + g(x) + ǫ[c2u+ h(x, t)], (23)
where h(x, t) satisfy htt = hxx and f(x), g(x) are arbitrary functions.
4.1.2 F ′(u) 6= 0
Since F (u) is a nonconstant function, thus λ = µ = 0 and system (19) becomes
ψu = φu = 0,
ψtt = ψxx = 0,
φtt − F (u)φxx −G(u)ψt = 0. (24)
Further discussion of system (24) needs two different cases to be considered.
Case 2.1 G(u) is a constant.
Set G(u) = 1, then Eq.(17) becomes
utt + ǫut = [F (u)ux]x. (25)
In [34], we have showed that Eq.(25) is approximately nonlinearly self-adjoint, thus
we recall the results in order to make the classification complete.
Proposition 4.5 Eq.(25) is approximately nonlinearly self-adjoint under the substitution
w = c1tx+ c2x+ c3t + c4 + ǫ(
1
2
c1t
2x+ c5tx+ c6x+
1
2
c3t
2 + c7t+ c8). (26)
Case 2.2 G(u) is not a constant.
Nonconstant function G(u) implies that the last equation in system (24) is divided
into two equations φtt = 0, F (u)φxx + G(u)ψt = 0, thus two different cases come into
being. If F (u) 6= G(u), no additional substitution are found, but for F (u) = G(u), new
substitution is listed as follows.
Proposition 4.6 If F (u) = G(u), then Eq.(17) is approximately nonlinearly self-adjoint
under the substitution
w = c1tx+ c2x+ c3t+ c4 + ǫ
(
c5xt + c6t−
1
6
c1x
3 −
1
2
c3x
2 + c7x+ c8
)
. (27)
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4.2 Approximate conservation law
In this subsection, we will use the above classification results for approximate nonlinear
self-adjointness and formula (16) to construct approximate conservation law formula of
Eq.(17) which is given as follows.
Proposition 4.7 The general approximate conservation law formula for Eq.(17) is ex-
pressed by
T t
(33) = (C
t
(18))|v=w + ǫ
[
ξt0wG(u)ut + wG(u)W0 − wtW1 + wDt(W1)
]
, (28)
T x
(33) = (C
x
(18))|v=w + ǫ [ξ
x
0wG(u)ut +W1(F (u)wx − F
′(u)uxw)− wF (u)Dx(W1)] ,
where the conserved densities Ct
(18) and C
x
(18) for equation (18) is given by
Ct
(18) = ξ
t
0v[utt − (F (u)ux)x]− vtW0 + vDt(W0),
Cx
(18) = ξ
x
0v[utt − (F (u)ux)x] +W0(F (u)vx − F
′(u)uxv)− vF (u)Dx(W0), (29)
where v is the substitution for nonlinear self-adjointness of Eq.(18). The first-order
approximate infinitesimal operator X = X0 + ǫX1 = X0 + ǫ(ξ
t
1∂t + ξ
x
1∂x + η1∂u) and
the infinitesimal operator X0 = ξ
t
0∂t + ξ
x
0∂x + η0∂u leaves Eq.(18) invariant and W0 =
η0 − ξ
x
0ux − ξ
t
0ut, W1 = η1 − ξ
x
1ux − ξ
t
1ut.
Given an approximate symmetry of Eq.(17), then one can use the general formula
(28) to construct approximate conservation laws based on the conservation laws (29) of
unperturbed equation (18). Note that the approximate symmetry classification of Eq.(17)
is performed in [23]. Thus in what follows, we consider several special examples.
4.2.1 Two Single perturbed PDEs
We first consider two single special perturbed PDEs of equation (17).
Example 1. The first consideration is to search for approximate conservation laws
of Eq.(25). The first step is to construct conservation laws of unperturbed Eq.(18) which
are expressed by formula (29). Then by formula (28), we obtain first-order approximate
conservation law of Eq.(25) in the form
T t
(25) = (C
t
(18))|v=w + ǫ
[
ξt0wut + wW0 − wtW1 + wDt(W1)
]
,
T x
(25) = (C
x
(18))|v=w + ǫ
[
ξx0wut +W1(F (u)wx − F
′(u)uxw)− wF (u)Dx(W1)
]
, (30)
where w is given by (26).
Consider a special operator X = x∂x + t∂t + ǫ(
1
2
t2∂t − 2t∂u) when F (u) = e
u, then
ξt0 = t, ξ
x
0 = x,W0 = −xux − tut and ξ
t
1 =
1
2
t2, ξx1 = 0,W1 = −2t−
1
2
t2ut, thus by formula
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(30), we find
T t
(25) = te
uwxux + xuxwt + tutwt + xwxut
+ǫ
(
2twt +
1
2
t2utwt − wxux +
1
2
t2euwxux − twut − 2w
)
,
T x
(25) = −xwtut − xe
uuxwx − te
uutwx − te
uwtux
+ǫ
(
xwut −
1
2
t2euwtux − 2te
uwx −
1
2
t2euutwx + te
uuxw
)
,
which makes Dt(T
t
(25)) +Dx(T
x
(25)) =
1
4
ǫ2Ω on the solution manifold of Eq.(25), where Ω
is a large expression and thus is omitted. In particular, let w = x, then
(T t
(25))|w=x = te
uux + xut + ǫ
(1
2
t2euux − x
2ux − xtut − 2x
)
,
(T x
(25))|w=x = −xe
uux − te
uut + ǫ
(
x2ut − 2te
u −
1
2
t2euut + txe
uux
)
,
which is identical to the results in [34].
Example 2. The second example is to consider a perturbed nonlinear wave equation
utt − (uux)x + ǫuut = 0. (31)
Similarly, using formula (28), we obtain
T t
(31) = (C
t
(18))|{v=w,F (u)=u} + ǫ
[
ξt0wuut + wuW0 − wtW1 + wDt(W1)
]
,
T x
(31) = (C
x
(18))|{v=w,F (u)=u} + ǫ [ξ
x
0wuut +W1(uwx − uxw)− wuDx(W1)] , (32)
where the substitution w is given by (27) in Proposition 4.6.
In particular, consider an approximate symmetry X = t∂t +
1
2
x∂x − u∂u, then ξ
t
0 = t,
ξx0 =
1
2
x,W0 = −u −
1
2
xux − tut, ξ
t
1 = ξ
x
1 = 0,W1 = 0, thus an approximate conservation
law with the conserved density is given by
T t
(31) = wt(u+
1
2
xux + tut) +
1
2
xwxut + twxuux −
3
2
wut − ǫwu(u+
1
2
xux),
T x
(31) = −uwx(u+
1
2
xux + tut)−
1
2
xwtut − twtuux +
3
2
wuux +
1
2
ǫxwuut,
which makes
Dt(T
t
(31)) +Dx(T
x
(31)) = −
1
2
ǫ2(c5x+ c6)(2u+ 2tut + xux)
on the solution manifold of Eq.(31). Especially, set w = t− 1
2
ǫx2, one obtains
T t
(31) = u+
1
2
xux −
1
2
tut −
1
2
x2ut − xtuux − ǫtu(u+
1
2
xux −
3
4
x2ut),
T x
(31) = xu
2 +
1
2
x2uux + xtuut −
1
2
xut +
1
2
tuux − ǫxu(
3
4
xux −
1
2
tut),
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which makes Dt(T
t) +Dx(T
x) = 0.
4.2.2 Two perturbed wave equations having the same unperturbed equation
Consider the two perturbed wave equations with the form
utt − uxx + ǫut = 0, (33)
and
utt − uxx + ǫ(uut +
1
2
tu2t −
1
2
tu2x) = 0, (34)
whose approximate conservation laws are studied in [30,31] by partial Lagrangian method.
The above two perturbed equations share the same unperturbed equation
utt − uxx = 0, (35)
which is the classical wave equation and describes undamped linear waves in an isotropic
medium. It is easy to show that Eq.(35) is nonlinearly self-adjoint via a substitution
v = c1u+ f(x, t), where f satisfies ftt− fxx = 0. Since Eq.(35) is nonlinearly self-adjoint,
thus by Theorem 3.2, both Eq.(33) and Eq.(34) are approximately nonlinearly self-adjoint.
Specifically, we have the following results.
Proposition 4.8 Eq.(34) is approximately nonlinearly self-adjoint upon a substitution
w = c1u+ f + ǫ(
3
4
c1tu
2 + 1
2
tfu+ g) with functions f(x, t) and g(x, t) satisfying Eq.(35).
Proof: Let the formal Lagrangian L = w
(
utt − uxx + ǫ(uut +
1
2
tu2t −
1
2
tu2x)
)
, then the
adjoint equation is δL/δu = wtt − wxx − ǫ[(uw)t + t(utw)t − t(uxw)x]. Assume that the
substitution is in the form w = ψ(x, t, u) + ǫφ(x, t, u) and should satisfy equality (10), in
this case, it becomes(
wtt − wxx − ǫ(uw)t − ǫt(utw)t + ǫt(uxw)x
)
|w=ψ(x,t,u)+ǫφ(x,t,u)
= (λ0 + ǫµ0)(utt − uxx) + ǫλ0
(
uut +
1
2
tu2t −
1
2
tu2x
)
, (36)
where we omit the terms containing ǫ2.
The reckoning shows that ψ(x, t, u), φ(x, t, u) and the undetermined functions λ0, µ0
satisfy
ψuu = ψxu = ψtu = 0,
ψu = λ0, ψtt − ψxx = 0,
φu − µ0 − tψ = 0, 2φuu − 2tψu − λ0t = 0,
2φtu − ψuu+ ψ + tψt − λ0u = 0, 2φxu − tψx = 0, φtt − φxx − uψt = 0. (37)
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Solving system (37) gives ψ = c1u+f, φ =
3
4
c1tu
2+ 1
2
tfu+g and λ0 = c1, µ0 =
1
2
c1tu−
1
2
tf .
It proves the result. 
Next, we construct approximate conservation laws by means of Theorem 3.6. Firstly,
with the help of formula (29), we obtain a conservation law formula of Eq.(35)
Ct
(35) = ξ
t
0v(utt − uxx)− vtW0 + vDt(W0),
Cx
(35) = ξ
x
0v(utt − uxx) + vxW0 − vDx(W0). (38)
The approximate conservation laws of equations (33) and (34) can be obtained by
means of formula (28) via expression (38).
Approximate conservation law of Eq.(33): By means of the substitution w =
c1u+h+ǫ(c1tu+c2u+k) and formula (16), we obtain first-order approximate conservation
law formula of Eq.(33)
T t
(33) = (C
t
(35))|v=w + ǫ
(
ξt0wut + wW0 − wtW1 + wDt(W1)
)
,
T x
(33) = (C
x
(35))|v=w + ǫ
(
ξx0wut + wxW1 − wDx(W1)
)
, (39)
with the first-order approximate infinitesimal operator X = X0 + ǫX1 = X0 + ǫ(ξ
t
1∂t +
ξx1∂x + η1∂u) admitted by Eq.(33) and W1 = η1 − ξ
x
1ux − ξ
t
1ut.
In particular, consider an approximate symmetry X = ∂t+ǫ(−
1
2
u∂u), then ξ
t
0 = 1, ξ
x
0 =
0,W0 = −ut,W1 = −
1
2
u, thus an approximate conservation law is
T t
(33) = utwt + wxux + ǫ
(1
2
uwt −
1
2
utw
)
,
T x
(33) = −utwx − wtux + ǫ
(1
2
uxw −
1
2
uwx
)
. (40)
Induced by the approximate operator X = ∂t + ǫ(−
1
2
u∂u), formula (40) provides
more approximate conservation laws via substitution w = c1u + f + ǫ(c1tu + c2u + g)
which includes the obtained approximate conservation laws in [30]. In particular, let
w = 1
2
u+ ǫ1
2
tu, then after proper arrangements, conservation law (40) becomes
T t
(33) =
1
2
u2t +
1
2
u2x +
1
2
ǫ
(
tu2t + uut + tu
2
x
)
,
T x
(33) = −uxut − ǫ
(1
2
uux + tuxut
)
,
which coincides with the results in [30] up to some so-called gauge terms stated there.
Approximate conservation law of Eq.(34): For Eq.(34), using the substitution
w = c1u+ f + ǫ(
3
4
c1tu
2 + 1
2
tfu+ g) with f, g satisfying Eq.(35), one has
T t
(34) = (C
t
(35))|v=w + ǫ
(
ξt0(uut +
1
2
tu2t −
1
2
tu2x)w + (u+ tut)wW0 − wtW˜1 + wDt(W˜1)
)
,
T x
(34) = (C
x
(35))|v=w + ǫ
(
ξx0 (uut +
1
2
tu2t −
1
2
tu2x)w − tuxwW0 + wxW˜1 − wDx(W˜1)
)
, (41)
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with the first-order approximate infinitesimal operator X˜ = X0 + ǫX˜1 = X0 + ǫ(ξ˜
t
1∂t +
ξ˜x1∂x + η˜1∂u) admitted by Eq.(34) and W˜1 = η˜1 − ξ˜
x
1ux − ξ˜
t
1ut.
For example, consider an approximate Lie point symmetry X˜ = ∂u + ǫ(−
1
2
tu∂u), it
means ξt0 = ξ
x
0 = 0,W0 = 1, W˜1 = −
1
2
tu, then by (38) and (41), we obtain
T t
(34) = −wt + ǫ
(1
2
twtu+
1
2
wu+
1
2
twut
)
,
T x
(34) = wx − ǫ
(1
2
twux +
1
2
tuwx
)
. (42)
Similarly, with substitution w = c1u + f + ǫ(
3
4
c1tu
2 + 1
2
tfu + g), formula (42) also
gives more approximate conservation laws generated by the approximate operator X˜ =
∂u + ǫ(−
1
2
tu∂u). Let w = u+
3
4
ǫtu2, then (42) becomes
T t
(34) = −ut − ǫ
(1
2
tuut +
1
4
u2
)
, T x
(34) = ux +
1
2
ǫ tuux,
which coincides with the results in [30].
Both Eq.(33) and Eq.(34) share the same unperturbed equation (35), thus formula
(28) provides a direct and simple way to obtain approximate conservation law based on
the known conservation laws (38) of Eq.(35). Moreover, the new formulae produce more
approximate conservation laws than the results stated in the previous literatures.
5 Conclusion and discussion
We propose a succinct approach to discriminate approximate nonlinear self-adjointness of
perturbed PDEs by means of nonlinear self-adjointness of the corresponding unperturbed
PDEs. Consequently, an approximate conservation law formula is given based on the
known conservation laws of the unperturbed PDEs, especially effective for the system
containing two or more perturbed PDEs and sharing the same unperturbed PDEs. The
results are applied to several linear and nonlinear perturbed wave equations and new
approximate conservation laws are obtained.
In addition, it had been shown that Eq.(15) is connected with its adjoint equation by
the differential substitution v = ut −
1
2
u2ux [16], thus there exist some PDEs which are
not approximately nonlinearly self-adjoint in the sense of Definition 2.2 but with a general
definition of (approximate) nonlinear self-adjointness such as differential substitution, thus
it may consider the extended substitutions such as differential substitution containing
first-order or higher-order derivatives. We will report these results in the forthcoming
papers.
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